Exercise 9 [6 points| For a vertex v in a tree T" we define the summed-distance sumdist(v)
of v to be the sum of all distances from v to any vertex in 7. That is sumdistp(v) =
z“';‘.l..l..' distp(v,w). For any tree T with n > 2 vertices the summed-distance of any vertex
v is at most n(n — 1)/2. Prove this claim using induction on trees.

Hinl: Recall for induction on trees, to prove the statements for a tree T with k+1 vertices you

can remove a leaf v to obtain a tree T' with k vertices on which you can apply the induction

hypothesis. To prove the bound on the summed-distance for all of its k + 1 vertices in T you

. . ' !
may consider proving it separately for v and for the vertices that are also in T". dist(a)=5
dist(b)=3
dist(c)=3+7=10
sumdist()=5+3+10

npeanonoXeHne PaccmoTpum aepeBo
NHOYKUUN n3 k+1 BepPLUMHGI.
[lokakem, 4YTo Oangd ‘
nycTb Ans noodown HEro TO e BEPHO, YTO
BEPLUMHBbI B IEPEBE U3 nobas ero BepLumMHa
K BEPLUMH BEPHO, YTO nmveet sum distance go k BepuIH
9Ta BEPLUMHA UMEET OPYrnx BEPLUMH HE
sum distance go bonee (k+1)k/2 '. ‘

OPYrMx BEPLUUH He
bonee, Yyem k(k-1)/2

kA2-k+2 k(k-1)/2 + 1 ‘

D=1-4*2<0 =(k(k-1)+2)/2= |
k(k-1)/2 + 1 (k+1)k/2 =(k"2-k+2)/2 < (k+1)k/2 ‘
k(k-1) + 2 (k+1)k
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